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Introduction

It is well known that long exposure observations through
a randeom turbulent medium by large aperture optical systems do not give
diffraction limited spatial {(angular) resolution. In that case the response func-
tion of the “telescopet-atmosphere” system is not the Airy’s difiraction pattern
but an extended spot which size is one or even two orders of magnitude
larger than the diameter of the Airy’s central spot. In this paper we assume
that the observed point source causes a Gaussian intensity distribution g, {(7)
of the light in the focal plane (x,, o) of the optical system

1 &o ("'{J:\’ X3+ y5y=3S; exp (‘"F(Q)J'QO%)'

where G, is a constant determining the size of the circular spot. Sp=3Sp {co)
is a normalization constant depanding on the total energy fux of the image.
We consider images on the principal optical axis and fuily necglect the distor-
tion effects like coma, astigmatism, etc. We also assume that o, is much
greater than the Airy’s pattern and, consequently, the geometric optics appro-
ximation is a good approdch.

Definition of the problem

Let us denote by (x/, ¥") the input aperture plane and
by (x, y) the out-of-focus plane where the light sensitive detectors are placed.
The origins of the coordinate systems lie on the principal optical axis and the
corresponding coordinate axes are parallel and aligned in the same directions.
We also denote by f and Af the focal length and the distance between
{%q Vo) and (x, ¥), respectively. Further we shall assume that the circular
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input aperture of the optical system has a ceniral screening {(as it is usual for
the large telescopes). Consequently, the area of the input aperture is a [ring
with inner radius r, and outer radius ry Let us denote by h{x, y) the point-
spread function of this out-of-focus optical system, i. e, this is the intensity
distribution in the out-of-focus plane {(x, y) when the system is illuminated by
light rays parallel to the principal axis. According to the accepted geometrical
optics approach, the illuminated area is a ring with inner radius r, and outer
radius r, (r}/f=ra/A f). Obviously, the screened part of the input {output) aper-
ture is characterized by the relations rifty=rfr,=B=const< 1. Therefore,

within a normalizing multiple, % {x, y) is given by

2 };(r_—_\l_xﬁ +y2')= b oif rlﬂ\/xg + 2 <ry;
0 in the other cases,

We shall investigate the distortions caused by the out-of-focus registration
of the intensity distribution g(x, y) conditioned by a point source observed
through a turbulent medium. Supposing that the principle of the linear super-
position is fulfilled, we may write

®) g(N=g(x, y=0)= f /'go(x—e, —mEENdEdn,

where we have taken into account the circalar symmeiry of the image. [t would
be stressed that the coordinates x, W £ and 1 are referred to the out-of-focus
plane, while the coordinates x, and Vo are referred fo the focal plane.

The observed intensity distribution g (% y) may be fitted by a quasi—Ga}us-
sian function

(4) 8r)=g(x, y=0)=Sexp [—x™WyB];
B:(gca)ﬂ (x),

and, generally speaking, we expeet that for this approximation the power rzl is
not a constant and will depend on »{or x, because we investigate the radial
distribution in the direction y=0). It is not difficult to obtain an analytical
-expression for the global behaviour of the power 1(x) if we assume that this
quantity does not vary too fast into the interval {(x—Ax, x+Ax), where Ax=<o.
Taking the natural logarithms from the left and right hand’ sides of the equa-
tion (4) and diiferentiating with respect to x, after some trivial algebra \we
obtain 1] '

(5) n{x}—=0,b [1+x(—§%'*'%)]’ |

where the prime's denote differentiating with respect to x. By means of the
above approximate expression we shall evaluate the giobal (with respect to the
size of the image) changes of the power » which describes the slope of the
intensity distribution g(x). _
Hereafter in this paper we shall consider Oy as a strictly positive quantity
{c,>0) setting also S,=1 for a fixed value of Gy The case g,=0 has a ftri-
vial interpretation: the point-spread function of the turbulent medium ig a
d-function and (in the geometrical optics approach) the out-of-focus intensity
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distribution g(x, y) is a circular ring with a constant nonzero valge. Out of
the ring the intensity is equal to zero. It is useful to introduce polar coordi-
nates p aud 9 |

{6) E=pcosf; nm=opsind.
Substituting (1), (2) and {6) into (3), we cbtain

e anj2
@ alx y;o)ﬁg(x)=fpk(p)f exp[———{f’*‘ﬁ%ﬂﬁ 48dp
L]
a —n,2

- ] " p A (xplo?) exp [—(x2+p%)/2a2] dp,

Fs

where we have denoted by A(xp/o;) the expression

3nf
(8) A{xpfcl)y= f exp{xp cos 8/c3)d0=2r J,(—ixp/cl).

-2

In the above equality J, is the first kind Bessel function of order zero [2,3].
Further we shall use the development of the Bessel function J, in powers of
its argument [2,3]. We find that

(9) Alxplod)=2n X (k1) 2 (xp/20)".

Aed

As can be seen from the numerical values of the first eight terms
(=0, 1,...,7), the above expression shows a fast convergence. In practice, it
is enough to restrict (9) to a partial sum with a maximal value of % cqual to
6--7. The obtained accuracy is sufficient for the considered range of values
of (xpfc?). According to (9), the radial intensity distribution g(x) (7) may be
rewritten in the following way

72

(10) (20~ g(x)= .§‘ (1) [o (7)o [~

4

i

or
— . - __1__ 2 x L2k
(11) @ g =Bo()+ X [(M) (%g) ]Bg(x),
where we have set
(12) Bﬂ(x)=cg{exp [— x:;% J—-exp {_. x;:g_r%_]}

and
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(13) By(x)= f p2+ expf—(x2+ p?)/202] dp =2 {12 exp [—(x2+12)203]

—rikexp [—(x®+rdj2cl|}+2ka2 B, s (x); (R=1,2,...).

4 Differentiating (11} with respect fo x two times, we obfain, correspon-
ingly

(14) @n) g'(x)= B(x)+2’{w(, )”}xﬂk—lsk(x)
+Z [ o

15)  @ulg(x)=Bix)+ Z [%gﬁg o (%)”*J X% B, (x)

260
2% ) o[ 1 %7 .
133 [y oo S ()] o

|

In the above expressions the coefficients B,(x), B;{x), B,{x) and B, {x}
may easily be computed analytically from (12} and (13) by differentiating them
one of two times. For brevily, we shall not write in an explicite manner| these
derivatives,

Having the estimations (ll), (14} and (15), we are able to estimate also
the ratios g'"(x)/g' (x) and g'(x)/g(x). According to (B}, the out-of-focus power
n{x} is cvaluated through the infinite series which may be truncated at
some value of the summation index k.

Numerical evaluation of the intensity |
distribution

With a view to evaluate f{he intensity distribution

g{x) and power n(x} of the out-of-focus point sources, we have p(,rfor-
med numerical evaluations of the series entering into the expressions (11},
{14) and (15) for different meanings of the argument xfoy (1. e., all linear pa-
rameters in the plane (x, y) are measured in units of o,=—1}). It is suffficient
to truncate the infinite series al £#—6. Disregarding of the terms with k=7
leads to noliceable errors only in the case of very strong out-of-focus distor-
tions if x/5,>>3,4+3,6, The degree of the out-of-focus distortions of the images
may be characterized by the inner radius r, instead of the distance Af between
the planes (x,, y,) and (x, y). We have considered three cases of distortions,
which we shall for convenicnce denote as “slight”, “moderate” and “strong”:

{fy “slight” out-of-focus distortions: r/o,=0,50;

(ii) “moderate” out-of-focus distortions: r,/c,=0,86;

(iff) “strong” out-of-focus distortions: r/o,=1,00.

In this case a decrease of the intensily in the ceniral region (relative to
the intensity for little larger radii) is observed. This reduction is caused by
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the central screening of the input aperture (r',=>0). Obviously, in the case
(¢if) the approximation (4) is not more valid when we try to describe the total
(global) intensity distribution g(x). But we still may {ry to use the analy-
tical expression (5) in order to evaluate the power n(x), describing the slope
of the function g(x).

Of course, if r,=0, the out-of-focus distortions absent. Here we remember
that the screening parameter E=ri/r, has a constani value. For a concre-

teness, we have adopted E=0,43. Undoubtedly, if we use other values of E,
the results will qualitatively be the same. Since the parameter §,(o,) is not
specified in this paper, the intensities g(x) are measured in arbitrary units.
We have normalized the out-of-focus infensities in such a way, that the ma-
ximal values of (1/2n)g(x) are equal to 100% (Fig. 1). In this figure the e~1=
36,8% intensity level is indicated by a straight horizontal line. The numbers
above the arrows designate the radii of the smoothed out-of-focus point source
images. It is evident that the intensity drop in the center of the image (x=0)
for “strong” out-of-focus distortions appears when the size of the image is en-
larged about two times in comparison with the precise focused image (r,/c,=0).
Of course, such a large increasing of the sizes of the images cannot remain
unnoticed by the observer even if the images are visually focused.

The out-of-focus values of the power n(x), computed according to (5), are
presented in Fig. 2. For a “slight” distortions n(x) is close to unity (because
the addopted initial distribution g.(x) is a Gaussian one) and only when the
intensity g(x) considerably drops to a low level, n(x) monotonically increases
by ~10 per cent. This behaviour of the power n(x) may be considered as a
typical for enlargements of the images Ac which do not exceed~(1/4)o,. In
the case of “moderate” distortions n(x) strongly deviates from the initial po-
wer n,=1, but in this situation the increasing of the image radius is also large
(Ac~(0,7+-0,8)0,) and cannot remain unnoticed. For “strong™ out-of-focus
distortions our description of the intensity distribution g(x) by the approxi-
mation (4) obviously fails. The power n(x), evaluated by means of (5), is not
a continuous function of its argument x and decomposes into separate bran-
ches with very different (varying) values of n(x) (Fig. 2). As mentioned above,
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Fig. 1. Out-of-focus intensity distribution (1/2r)g(x)
for the Gaussian case of precise focused images, The
maximal values are normalized to 100% and ihe num-
bers above the arrows indicate the size of the images at
36, 8% level

! — exact focused image; 2 — wslight”; 3 — “moder-
ate”; 4 — strong” out-of-facus distorted images
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Fig. 2. Out-of-focus power a(x) for the Gaussian case |
of precise locused images. Vertical thin dashed lines |
indicate values of x where n,=0,5 and #ag=4.co, res- |
pectively (the letter”s” denotes “slrong” disfortions). The ‘
other notations are the same as in Fig, |

this case may be excluded as an exiraordinary situation of out-ol-focus images

and, consequently, there is not reason to reject the approximations (4)
{h) at all. |

and

In practice, nearly constant values of the power a(x) may be (J,eter-
mined from the slope of the function S(x) (if g{x), g'{x) and g'’'(x) are already

known from observations)

gy gt i
(16) Sey= [ £ £ g

for n{x)=zconstant (locally). From Fig. 3 it is-evident that if the oul-of—‘iocus

distortions are not very large, the mean value of the power n(x) may be deter-

mined effectively by means of a linear approximation of S{x} (i. e,

S(x)

is a suitable tool for measurement of these disfortions from the experimental
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Fig. 3. Function S{x)=[2r{x)—1]—%x for the Gaussian
case of precise focused images. Notations are the same
as in Fig. 2
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data). Excluding the “strong” out-of-focus distorfions, we conciude that in
the case of a Gaussian point-spread function of the turbulent medium, the
values of the power n{x) are always increased with an amount which is very
sensitive to the distance between the focal plane (x,, y,) and the plane (x, g),
where the intensity g{x, ¥} is measured.

Conclusions

We have derived analytical expressions deseribing
the out-of-focus intensity distribution arizing from a point source observed
through a turbulent medium. An optical system with central screening
of the input aperture is considered. All computations use the geometri-
cal oplics approach. If oul-of-focus distortions are not too large, it is possible
to approximate this intensity distribution by a quasi-Gaussian curve with
a power n{r} depending on the distance r from the center of the image. If such
images are scanned, for example, by an infinitely long slit diafragm with a
finite width, the measured inteusity distribution will be additionally enlar-
ged, but this smearing out is about {1 --2) per cent [4]. As can be seen from
Fig. 1, the enlargement of the image sizes due to the out-of-focus distortions
may be much more pronounced than the enlargement due fo the scanning.
Conseguently, measuring the behaviour of the power n(r) may give a valuable
information about the degree of ihe out-of-focus distortions of the observed
objects. For example, in the case of astronomical observaiions by ground-
based telescopes, it is sufficient to investigate turbulent star images (as point
sources). It may be shown [1, 5] that for precisely focused {urbulent star
images the power n, is less than unity (despite of that is not a constant}. If
the measured intensity distribution g(r) can be approximated by a quasi-
Gaussian curve (4) with a power n(r) exceeding appreciably unity, this may
be an indication that the images are not precisely focused. Such a method
for evaluation of the out-of-focus effect is possibie to be combined wilh the
usual procedure of minimizing the sizes of the point source images.
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Anpoxkcamauust Ha H3BBLHPOKATHOTO
pasnpeliesieHHe Ha OCBETEHOCTTA

npu uzobpaxennsi, HMallH raycosa (GpyHKIUSA
H& UMIYJCHHS OTKJHUK

Humumzsp Junumpos

Pezwwme

[Ipsero e ¢ymkuuaTra HAa HMIYJACHHA OTKAMK [pH
naGmofesusi Tpes TypOSyaenrsa cpepa ja Obe raycoBa Kpusa go(r) ~

re
exp(— Py ) Axo H3MEDBAHKATA HA HHTEH3UBHOCTTA He ca H3BBPIIECHH BLB [130-
0

KallHara paBHuHa Ha TeecKoTia, TO W30 aUeHOTO pasmpele/ieHne Ha OCBETEHOCTTA
g(r) Moxe fa Gbje aNPOKCUMHEPAHO C KBASHIAYCOBA KpuBa g(r)~exp(—r¥yB),
KBIETO CTEIIRHHHAT 10Ka3ares n 33BHCH oT r. IlokasaHo e, ue TOBA NpUOJIHIKe-
HHE € NOAXGRAUY Omucalige Ha g{r), axo MSBHH(QOKANHHTE H30TAYABAHMUY He
€a MHOTO rosieMH. MasbpuieHy ca JeTAM/IHH aHAMHTHYHY H YHCIEHH H3UHCIeHs
C OFJIER X& Ce oneny #{f} U HEroBOTO OTJIHUHE OT eJHHHIA. BCHUKH OLEHKH ca
H3BDPIIEHH B NPUOG/MUMKEHHETO HA TEOMETPHYHATA ONTHKA.






